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1 Introduction 



The idea of supersymmetry plays an important role in physics. Since its 
invention [1-7] a great experimental eífort is undertaken to find supersym- 
metric partióles in nature. The reason for this lies in the fact that supersym- 
metry could provide appealing solutions to outstanding problems in theoret- 
ical physics such as the so-called hierarchy problem. Furthermore, there are 
indications that supersymmetry can help in eliminating many of the diver- 
gences of certain quantum field theories. If supersymmetry becomes a local 
gauge symmetry it leads to supergravity, which is not as divergent as ordi- 
nary gravity [8,9]. Finally, the much-discussed superstring theories propose 
the existence of space-time supersymmetry. 

Let US recall that supersymmetry extends the symmetry algebra of space- 
time by adding supersymmetry generators. In the last two decades, however, 
a much more ambitious attempt to modify space-time symmetries has arisen. 
It is based on noncommutative geometry [10-23] and tries to modify the 
whole space-time symmetry by deforming it in a consistent manncr. There 
is a great hope that such an approach yields a discretization of space-time 
[24-29] which, in turn, implies an eífective method for regularizing quantum 
field theories [30]. 

In Gur previous work [31-37] attention was concentrated on space-time 
structures that arise from g-deformation [38]. More concretely, we are in- 
terested in g-deformed quantum spaces that could prove useful in physical 
applications. For this reason we deal with the three- and four-dimensional g- 
deformed Euchdean space and the g-deformed Minkowski space [39-41]. The 
symmetries of thcsc quantum spaces are dcscribed by the Drinfeld-Jimbo 
algebras Uq{su{2)) and Ug{so{A)) [42-44] and the g-deformed Lorentz alge- 
bra [45]. Finally, we can combine these symmetry algebras with their quan- 
tum spaces and obtain g-analogs of the three- and four-dimensional Euchdean 
algebra and the Poincaré algebra [46, 47] . 

It is an obvious thing to try to combine the ideas of supersymmetry 
with those of deforming space-time symmetries (scc, for cxample, Refs. [48- 
57]) and the aim of this article is to go the last step that makes the g- 
deformed Poincaré algebra and the g-deformed Euchdean algebras in three 
and four dimensions into super algebras. To reach this goal we introduce 
supersymmetry generators with spinor Índices and make suitable ansaetze for 
their commutation relations with the generators of the g-deformed Euchdean 
algebras and the g-deformed Poincaré algebra. From consistency arguments 
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we get a system of equations for the unknown coefficients of our ansaetze. 
Solving this system by a computer algebra system like Mathematica [58] 
we found that the relations of the three- and four-dimensional g-deformed 
Euchdean superalgebra are uniquely determined and the same holds for the 
g-deformed Poincaré superalgebra. 

To write down our superalgebras in a rather compact form it is helpful 
to recognize adjoint actions as g-analogs of classical commutators. Using 
generators with definite transformation properties, these g-commutators can 
often be expressed by g-deformed Pauli matrices and their relatives (for their 
exphcit form see Ref. [59]). Last but not least, it should be mentioned that 
in some sense the present article continúes the reasonings of Ref. [60] , where 
we adapted many general ideas about g-deformed quantum algebras to our 
framework of conventions and notations. 

2 Symmetry algebras for three-dimensional 
g-deformed Euclidean space 

In this section we first give a short review of the Hopf algebra Uq{su{2)). 
Then, we combine this algebra with that of three-dimensional g-deformed 
momentum space and obtain a g-analog of the three-dimensional Euclidean 
algebra. Thcsc considcrations culminate in the derivation of the three- 
dimensional g-deformed Euclidean superalgebra. 



The symmetry of g-deformed Euclidean space in three dimensions is described 
by the quantum algebra Uq{su{2)) [41,61-63]. This algebra is spanned by 
the three generators T"*", T~ , and subject to the relations 



where A+ = g + g ^. Instead of working with T^, it is often more convcnicnt 
to use the generator defined by 



2.1 The Hopf algebra Uq{su{2)) 



q-2rp3rp- _ q2rp-rp3 



-X+T-, 



(1) 



1 - XT^, 



X = q-q 



-1 



(2) 



3 



With this new generator the defining relations of Uq{su{2)) become 

rr± 3 ±4 3t-i± 

1 T = q T 1 , 

T-T+ = q~^T+T- + q-^X-\T^ - 1). (3) 

It is well-known that the algebra Uq{su{2)) can be made into a Hopf 
algebra. The corresponding coproduct, antipode, and counit on its generators 
read as 

A(T±) = T± 1 + (r^)V2 
A{T^) = ® 1 + 1 - AT^ (g) 

A(t3) = (8) t\ (4) 
5(T±) = -(T3)-V2r±, 

5(r=^) = (r=^)-\ (5) 
e(T-^)=0, Ae{+,3,-}, 

<r') = 1. (6) 

As symmctry algebra of three-dimensional q-deformed Euclidean space, 
Uq{su{2)) can be viewed as g-analog of the algebra of three-dimensional angu- 
lar momentum. This becomes more clear if we rewrite the defining relations 
of Ug{su{2)) by means of the new generators 

L± ^ - g±V2^-l/2(^3)-l/2y±^ 

l^ = {t^Y/\l-l+-l+l-) 

= - qX-^X-\T^)-^/^{q-^X^T+T- +r'-l). (7) 
In this manner, we get 

L±t3 = g±VL±, LV^ = T^L\ 

L-L+ = q^L+L- + qX-'X^\{Ty - 1), (8) 

or, alternatively, 

L-L+ - L+L- = (r3)-V2L3, 

L±l3 - L^L^ = g±iL±(T^)-V2. (9) 
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In the classical limit g ^ 1 we regain the Liealgebra su{2) from the 
relations in (¡ü]). This can easily be seen if we recognize that tends to 1 for 
g — > 1. Thus, L"*", L^, and L~ play the role of the components of g-deformed 
angular momentum in three dimensions. Their coproducts, antipodes, and 
counits are found to be 

A{L^) = L'^ (r3)-V2 + (^3)1/2 ^ 

+ \{r^Y/^{q-^L- 0L+ + qL+ 0L-), (10) 

S{L^)=-L^{tY^ 

= (r3)V2(^2^+^- _ q-^L~L+), (11) 

e(L^) = 0, Ag{+,3,-}. (12) 

In terms of the generators of g-deformed angular momentum, the Casimir 
operator of Uq{su{2)) takes on the rather intuitive form [60] 

= gAB L^L^ = -qL+L- + L^L^ - q-^L-L+, (13) 

where qab denotes the quantum metric of three-dimensional g-deformed Eu- 
clidean space. Notice that repeated Índices are to be summed over if not 
stated otherwise. The Casimir property of can be shown most easily by 
making use of the relations (¡ü¡). 

It should also be noted that the components of three-dimensional angu- 
lar momentum give rise to a quantum Lie algebra. To this end we introduce 
g-analogs of classical commutators. These so-called g-commutators are de- 
termined by the Hopf structure of Uq{su{2)) [60,64-67]: 

[L^ L\ ^ Lf,) L^5(Lf,)) = 5-i(Lg))L^Lf,), (14) 

where we have written the coproduct in Sweedler notation. It is now straight- 
forward to check that the relations in (¡ü]) are equivalent to (see, for example 
Ref. [60]): 

[L\L\ = qh^^^gcnL^. (15) 

where e'^^'" denotes the three-dimensional g-deformed epsilon tensor (its non- 
vanishing components are listed in the appendix). 
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The components L"*", L^, and L~ transform under Uq{su{2)) as a vector. 
Using the three-dimensional g-deformed epsilon tensor we are able to assign 
the components of angular momentum an antisymmetric tensor M^^ [60]: 

M^^ = h e^'^^gcD L"", h e R. (16) 

More explicitly, we have as independent generators 

= -kiq-^L^, M^- = -hq-^L-, 

M+- = -kiq-^L\ (17) 

with the additional conditions 

M+- = -M-+, = AM+-, 

M++ = M— = O, M^^ = -q^^M^^. (18) 

We regain the components of three-dimensional angular momentum through 

L'' = k[g^'^eBAcM^'', k[ER, (19) 

being tantamount to 

L+ = -k[q--\q^ + q-^)M+\ 
L' = -k[q~\q' + q~')M+-, 

L- = -k[q-%q^ + q~^)M^-, (20) 

where our cholee of conventions requires that 

k,k[ = q\q' + q-')-\ (21) 

Using the generators in fíTül) the Casimir in fíT^ reads as 

= {k[fq-\q' + q-')gAD9BcM^''M^^. (22) 

In the same manner, the relations for the quantum Lie algebra of Uq{su{2)) 
turn into 



[M^^M^'X = {k[)-'^^^^,{PA)^\APAr''GHg^^M^^, (23) 
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where P4 stands for the antisymmetrizer of three-dimensional g-deformed 
Euclidean space [41]. More explicitly, 

[M+^M+-]^ = -g2[M+-,M+% = {k[)-Wq^ + q-^)-^M+\ 

[M+-,M3-]^ = -q'[M'-,M^~]^ = ik[)-'q'iq' + q-'r'M'-, 
[M+-, M+-]^ = ik[)-Wq^ + g-2)-iAM+-. (24) 

Notice that in analogy to fíT4l) we have 

[M^^, M^^]^ = M(^f M^^^(M(^f ) = S-i(Mgf )M^^M('íf . (25) 



2.2 The three-dimensional g-deformed EucUdean alge- 
bra 

Next, we wish to combine the algebra of three-dimensional angular momen- 
tum with the algebra of g-deformed momentum space. This way, we arrive 
at a g-analog of the three-dimensional g-deformed Euclidean algebra. First 
of all, let US recall the commutation relations for the three-dimensional mo- 
mentum generators P^, A G {+, 3, — }: 

(Pa)^^cd P^P"" = 0. (26) 
The above condition implies as independent relations 

p3p± _ q±^p±ps ^ o, P-P+ - P+P- = XP^P^. (27) 

It remains to specify the commutation relations between the generators 
of Uq{su{2)) and the momentum algebra. To this end, we first have to realize 
that the momentum generators establish a vector representation of Uq{su{2)). 
The point now is that we can combine a Hopf algebra Tí with its represen- 
tation space A to form a so-called left-cross product algebra A >i H [61-63] 
built on ^ (g) ?í with product 

{a^ h){b^ g) = a{h(^i)>b) ® h(2) g, a,b e A, h,geH. (28) 

The last identity tells us that the commutation relations between symmetry 
generators and representation space elements are completely determined by 
coproduct and action of the Hopf algebra Tí, since we have 

hb={l^ h){b O 1) = (/i(i) > 6) (g) /i(2). (29) 
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Applying these ideas to Uq{su{2)) and the three-dimensional g-deformed 
momentum algebra we obtain the relations 

^3p± _ gT2p±^3 ^ ±^Tl;,p3^± ± ^Tlp±^-l/2^ 

^3p3 _ p3^3 ^ x{P'L+ - P+L-) - APV^^/I (30) 

By means of the g-commutator 

P\ ^L^>P^ = Lf,^ P^S{Lf,^), (31) 

which is nothing other than the adjoint action of on P^, the relations in 
f l3D|) can be written more compactly: 

[L^P\ = q'e^^^gcnP''. (32) 
Using fíTOj) one can verify that 

[M^^, P^], = (fci)-ig^(P^)^^B'C'r]^'^P^'. (33) 

Last but not least, we would like to give the Casimir operators of the 
three-dimensional g-deformed Euclidean algebra. With the commutation re- 
lations presented so far one can verify that the operators 

Ci = QAB P^P"", C2 = QAB L^'P'' (34) 

commute with all generators of Uq{su{2)) and the momentum algebra. 

2.3 Symmetry algebra in spinor notation 

In Ref. [59] we discussed g-analogs of Pauli matrices that enable us to con- 
struct a vector out of two spinors. On these grounds, we can use g-deformed 
Pauli matrices to switch from the vectorial generators to operators M"^ 
with two spinor Índices: 

M"^ = k'^ {a^'T'^L^, K e M. (35) 
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From the completeness relation 

(^""Ui^B'r' = si (36) 

we get, at once, 

= A;2(a^)„/3M"^ ^2 e M (37) 
with A;2^2 — 1- Explicitly, we have 

M'' = k', q'^'^\-''^L\ M'' = k', q-"^\~''^L\ (38) 

and 

L+ = k2qM'^^, L- = k2qM^\ 
= k2qXl"\q^'^M^^ + q~^/^M^^) 
= k2q^''\fM'\ (39) 

The matrix entries of the Pauh matrices and can be looked up 
in Ref. [59]. It should also be mentioned that the so-called 'inverse' Pauh 
matrices should not be confused with matrices being inverse in the sense 
of matrix muhiphcation (for the details see again Ref. [59]). EspeciaUy, we 
have the identification 

{al'T^ = q-\<y^U, A = {+,3,-}. (40) 

We can also start our considerations from the generators M^^ introduced 
in (ÍTüj) . They are related to the generators M"^ by the formulae 

= k'^ {af^T^M^'', M^^ = fcs (a^^)„/3M"'3, (41) 

where a"^^ and cr^¿ denote the two-dimensional spin matrices of three- 
dimensional g-deformed Euclidean space. For their explicit form we refer 
the reader again to Ref. [59]. Written out explicitly, the relations in (14T!) 
become 

= -k'., q-\q^ + 1)A;'/'m3-, M^^ = -k'^ q-\q^ + l)\-^I^M+\ 

= gM^i = -k'^ q-''l^{q^ + l)\-^M+-, (42) 
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and 

= XM^^ = k3 q^/^M^^. (43) 

The two-dimensional spin matrices are subject to the completeness rela- 
tion 

(^^''Ui'yc'Dr' = -q-'íq' + i)a;^(p^)^^cd. (44) 

This relation implies 

hk', = -q'{q' + l)-'X^, (45) 

as can be proven by inserting the two equations of pij) into each other. 
Finally, it should be mentioned that the relations in íHTl) are consistent with 
( ÍTül) and ( ÍT9|) iff the following condition is satisfied: 

hk2 = -q'X^'^''h. (46) 

Last but not least, we use the generators M"'^ with two spinor Índices to 
write the quantum Lie algebra and the Casimir operator of Uq{su{2)) in an 
alternative form. Clearly, the g-commutators between the M"^ are defined 
in complete analogy to fl25|) . Using the correspondence between the M"^ and 
the vectorial generators one can show that 

[M'',M'X = -k^'q-'/'\\-'/'M'\ 

[M'\M'\ = -q''[M'\M'\ = k^'q-'/^\-'^'M'\ 

[M'\M^X = -[M^\M\ = k^'q-'/^X'^M'^, 

J^12^ ^22]^ ^ -g-2[^22^ ^12]^ ^ ^-1 ^-3/2^-1/2^22^ (47) 

and the remaining g-commutators all vanish. Inserting (!39|) in (ÍT3|) we find 
the following expression for the Casimir operator of Uq{su{2)): 

C = -k¡{q^M^^M^^ + qM^^M^^ - qX+M'^M'^). (48) 

The g-commutators in fH7¡) and the Casimir in íHSl) can be written in a 
closed form by using the g-deformed spinor metric eaf3 and the symmetric 
projector S corresponding to the i?-matrix of Uq{su{2)). In this manner, we 
have 

[M^'^,M^% = -k^^q-^X^fS''%>^>S^^s'y e"'^'M^'^', 

C = -k¡ g2 M°'°M^^'. (49) 
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2.4 The three-dimensional g-deformed Euclidean su- 
peralgebra 

In the previous sections we considered the g-deformed Euclidean algebra in 
three dimensions. This algebra is a cross product of Uq{su{2)) and three- 
dimensional g-deformed Euclidean space. In this sense, it is spanned by the 
generators of Uq{su{2)) and the components of three-dimensional g-deformed 
momentum. 

Por implementing supersymmetry on g-deformed Euclidean space in three 
dimensions, one has to extend its Euchdean algebra to a g-deformed Eu- 
chdean superalgebra. To describe a g-deformed versión of = 1 super- 
symmetry we have to add supersymmetry generators and Q°' with spinor 
Índices. It is now our task to determine the commutation relations concerning 
the new generators. 

We assume that together with genérate an antisymmetrized quan- 
tum plañe and the same should hold for and Q^. Thus, we have 

Q"Q^ = -gÁ°^„.^,Q"'Q^', 

Q"Q^ = -gÁ°^„'^'Q"'Q^', (50) 

where R stands for the i?-matrix of Uq{su{2)). From fl5D|) we find as inde- 
pendent relations 

Q"Q" = Q^Q" = O, 

Q'Q^ = -q''Q^Q\ Q'Q^ = -g-'Q^Q'. (5i) 

If we introduce a g-deformed anticommutator for spinor operators by 

, ef^}^ = e'^e'^ + fc^^^^,^. r'^^', (52) 

the relations in (l5Up become 

{Q",Q^}<, = {Q",Q^}, = o. (53) 

It is obvious that as well as establish spin-1/2 representations of 
Uq{su{2)). This observation fixes the commutation relations of the super- 
symmetry generators with the generators of Uq{su{2)). As it was shown in 
Ref. [60] the spinor operators and then have to fulfiU 

[^^,Q1, = -g-'A;^/^(aVQ^ 
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[L^.QX = -q-'K''\^^)p''Q^ (54) 

where the g-commutator is a kind of shorthand notation for the adjoint ac- 
tion, i.e. 

[L\V\^Lf,^VS{Lf,^). (55) 

Notice that in (¡511) used the g-deformed Pauli matrices given in Ref. 
[59] . If we instead work with the generators fíTTl) or fl38|) we respectively have 

[M^^, Q"]^ = ^k[)-\q' + q-'r' Q^(a^^)/, (56) 

and 

[M"^ 01, = -k.^-'X-'^'S-^^^p, e^'^Q'^'. (57) 

It remains to find the commutation relations between and Q". In 
addition to this, we have to specify how the momentum components 
commute with the supersymmetry generators. To this end, one can make 
reasonable ansaetze for the wanted commutation relations. First of all, they 
are restricted by the requirement that the commutation relations have to be 
covariant with respect to the action of Uq{su{2)). Moreover, the commutation 
relations should define an ideal of the algebra generated by Q"", Q°', P"^, and 
the generators of Uq{su{2)). In other words, multiplying a relation by a 
generator and commuting this generator to the other side of the relation 
must not change the relation. This kind of consistency condition completely 
determines the commutation relations between the Q", Q"? ^ind P^. 

This way, we found for the commutation relations between and Q" 
that 

Q^Q' + q-^Q^Q' = -q-'XQ'Q^ + qcP\ 
Q^Q' + g-^Q^g' = cP^ 

Q2g2 ^ Q2Q2 ^ ^l/2^1/2^p+^ (55) 

where the constant c remains undetermined. We are free to choose c = 1. 
The commutation relations between P^ and take the form 

p+gi = g-'g^p+, 
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P^Q^ = q-^Q'p' + q~y'\\]¿'Q^P+, 
P-Q' = Q'P^, 

P-Q^ = q-^Q^p- + g-3/2AAf gipl (59) 



Likewise, we have 



p-gi = gip-, 
P-Q' = q'Q'p-, 

P'Q' = qQ'P' - q'/^XX'fQ''p-, 
P^Q^ = qQ^P\ 

P+Q^ = q^Q'p+ - q^l^\\fQ^P\ 

P+Q^ = Q^P+. (60) 

Again, the relations in fl58l) - fl6Ül) can be written more compactly by means 
of g-commutators and g-anticommutators. In the case of ( Í58l) . for example, 
one checks that 

{0", Q^},-i = Q'^Q" + q-'R'^^a'p' Q'^'Q^' = cq'/^X-'^\a^'r^P^. (61) 

To find an analogous form for the relations in fISÜl) and flüül) we define (cf. 
Ref. [67]) 

[p^ v]^ ^ pt^ysiPi",^), [p^ v]^ ^ pt^ysiPi^,)). m 

The calculation of these g-commutators requires to know the Hopf structures 
for the momentum algebra. The corresponding coproducts, antipodes, and 
counits on the momentum generators read as 

A(P^) = p^f^ ® p^^ =P^®l + C^B®P^ 

Á(P^) = P(f) ® P(4) =P^®l + C.^B® P"", 

S{P^) = -SÍC'b) P"", 
S{P^) = -SÍjC^'b) P"", 

e(P^) = e(p^) = 0. (63) 
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Notice that L and L respectively stand for the L-matrix and its conjúgate. 
Their explicit form can be found in Refs. [32,35]. It should also be mentioned 
that these L-matrices realize the generators of the quantum group SUq{2) 
within the algebra Uq{su{2)). On these grounds, they depend on generators 
of Uq{su{2)) and a unitary scahng operator A subject to 

AQ° = g2g"A, AQ" = g2Q°A. (64) 

Let US now collect all relations of the three-dimensional g-deformed Eu- 
chdean superalgebra: 

{Pa)^''cd P'^P'' = O, 

[L^.Q\ = -q-'K"\^^)p"Q^. 
[L^.Q% = -q-^K"\a^)p-Q^ 

{Q",Q^}, = o, {Q^Q% = o, 

{Q\Q'}q-r=q"'\T{cr-/rP^. (65) 

We would hke to end this section with some remarks about this algebra. 
First of all, the reader should be aware of the fact that Uq{su{2)) cannot 
be generated by L"*", L^, and L~ alone. For this reason we have to add the 
grouplike operator and take attention of its commutation relations with 
the generators Q", and P"^: 



^3p± 


= q^^P^r', 


^3p3 


= P\\ 




= q'Q'r^ 




= q-^Q^T^ 




= q'Q'r^ 




= q-'Q'r' 



In the form of (1651) the g-deformed superalgebra is strongly reminiscent 
of its classical counterpart, to which it tends if g — 1. Notice that in the 
undeformed limit the g-commutators and g-anticommutators then pass into 
ordinary commutators and anticommutators, respectively. 

It should also be mentioned that the algebra in fl65|) is compatible with 
the conjugation assignment 
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Q" = -£a/3Q^ Q" = ía/3Q^. (67) 

Indeed, one can check that conjugating the relations of our superalgebra 
and applying (lüTl) does not change the relations in (^^. In this sense, the 
three-dimensional g-deformed Euchdean superalgebra is real. 

From Ref. [59] we know of different types of g-deformed Pauli and spin 
matrices. In this section we used matrices for symmetrized spinors, but 
nothing prevents us to work with matrices for antisymmetrized spinors. For 
the details we refer the reader to Ref. [59]. 

3 Symmetry algebras for four- dimensional q- 
deformed Euclidean space 

The considerations for the three-dimensional g-deformed Euclidean space 
carry over to the four- dimensional one. For this reason, we restrict ourselves 
to stating the results, only. 

3.1 The four-dimensional g-deformed Euclidean alge- 
bra 

The symmetry of four-dimensional g-deformed Euclidean space is described 
by the quantum algebra í/g(so(4)). This algebra can be viewed as tensor 
product of two commuting copies of Uq{su{2)), i.e. 

Ug{so{4)) = Ug{su{2)) ® Uq{su{2)). (68) 

The two sets of t/g(sM(2))-generators are denoted by Lf, Ki, i = 1,2, where 
the Lf play the role of and the Ki that of (r'^)~^/^. Thus, the com- 
mutation relations between generators with the same lower index read (cf. 
Ref. [68]) 

q-'LlLr - qLr = - Kr^), (69) 

LfK, = q^^KiLf, z = l,2, 

whereas generators with different lower Índices always commute. 

The generators of f/g(so(4)) are related to the components L^''' , ^i^v = 
1,. . .,4, of an antisymmetric tensor operator (see, for example, Ref. [68]). In 
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Rcf. [60] we saw that the L^^'^ give rise to a quantum Lie algebra of Uq{so{A)). 
The explicit form of the corresponding g-commutators can just as well be 
found in the work of Ref . [60] . Here, we only give the general expression 

[¿^.^ ¿p.]^ ^ -q-^Xl{PAr\'APAy''p'a'9''"'''L'''''\ (70) 

where Pa and g^i, respectively stand for an antisymmetrizer and the quantum 
metric related to Uq{so{A)). 

The quantum algebra C/g(so(4)) has two Casimir operators. They are 

- X{L'^L^^ + L''L'^), (71) 

and 

+ q'XliL^^L'^ - L^L'^) - q'XXlL''L^\ (72) 

where e^i^p^ denotes the totally antisymmetric tensor of four-dimensional q- 
deformed Euclidean space. 

The Euchdean algebra of four-dimensional g-deformed Euclidean space is 
again a cross product of the quantum algebra Uq{so{A)) and the momentum 
algebra subject to the relations 

pipM = qP^'P\ P^'P^ = qP^'P'^, = 2, 3, 

p2p3 ^ p3p2^ p4pl ^ plp4 ^ XP'^P^. (73) 

For the sake of completeness let us note that the above relations can alterna- 
tively be formulated by means of the antisymmetrizer Pa of four-dimensional 
g-deformed Euclidean space: 

(Pa)'^V-'P'^'P"' = 0. (74) 

The momentum components P'*, ¡x — 1,. . . ,4, transform under C/g(so(4)) 
as a vector operator. The commutation relations between the components 
of the antisymmetric tensor operator L^^ and the momentum components 
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were presented in Ref. [60]. The corresponding q'-commutators take the 
general form 

[L^^^ pp]^ = -q'^x^PArwp' g^'^P"'. (75) 

The four-dimensional g-deformed Euchdean algebra has two Casimir op- 
erators. It should be clear that one Casimir is given by the mass square 

= g^^P^Pr (76) 

To get the second Casimir operator we are looking for a right-vector oper- 
ator whose components W^, ¡i — 1,. . . ,4, commute with momenta. Making 
suitable ansaetze for the W^, ¡i — 1,. . . ,4, within the Euclidean algebra we 
are ñnally led to 

W = 2X-\kI^'k;'/' - k;'/'k¡/')p' 

+ 2q-\Kl^'K-'^'P^L^ - K-^'^kI'^P^L:, ) (77) 

= 2\-\Kl'^Kl'^ - K-'/'K-'/')P' 

+ 2qKl"Kl'^P^Lt + 2q-'Kl'^Kl'^P'L:, 

+ 2\K\'^kI'^P^L:^L+, (78) 

= 2X-\Kl''Kl'^ - K-'/'K-'/')P' 

- 2qKl'^Kl'^P^Lt - 2q-'Ky'K¡/'P^L^ 

- 2XKl/''K¡/''P^L:[Lt, (79) 

= 2X-\K-^^^K¡^^ - K\'^K-^''')P^ 

+ 2q{K-"''Kl'^P^Lt - K\'^K-^'^P^Lt). (80) 

Notice that in the undeformed limit these components pass into the classical 
expressions — e'^^^" PyLp„. From the we can build a non-trivial 
Casimir operator via 

W"" = g^.WW. (81) 

Written out it reads 

= X-^X-\P^P^ + qP^P^) 
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- qX-''P^P\K^^K2 + KiK^^ - q-^XK^K^) 
+ X-^P^P^{KiK2Lt - KiK^^Lt) 

+ X-^P'P\K,K2L+ - K^^K2L+) 

+ qX-\P^P^Ki{K2 - K^')L^ + P^P\Ki - ^)iÍ2Í^2 ) 

- {P^P^KiK^^ + q-^P^P^KiK2)L+L^ 

- (P2p3^-i^^ ^ q-'P'P^KiK2)LtL^ 

- q-\P^fKiK2LtLt + {P^fKiK2L^Lt 
+ {P^fK^K2LtL:¡ - q{P^fK^K2L^L^ 

- q-'^X{P^P^KiK2LtL^Lt + P^P^KiK2LmL:¡) 

- q-^X{P^P^KiK2L^LtL2 + P^P'^KiK2Lt L]; L^) 

- q-'^X'^P'^P^KiK2L+LiL+L^. (82) 



This operator commutes with all elements of C/g(so(4)), since it is defined as 
square of a right- vector. The components commute with momenta, thus 
the same holds for W'^. 

3.2 Symmetry algebra in spinor notation 

It is sometimes helpful to introduce a new sct of generators for Uq{so{4)), 
replacing the generators L'^" with vector Índices by the generators M"^ and 
M"^ with spinor Índices: 



M"/^ = A;2(a;;)^^L^^ 



(83) 



(84) 



where the constants have to satisfy the condition 



-1 



(85) 



More exphcitly, we have 



M 
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= -k,q'/'X+L'\ M^' = hq"^X+L^\ 
M'^ ^ qM^' = kiq'/^iqL''' - L^^), 



(86) 
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Mi2 = gM2i ^ ^2^-1/22,14 ^ fc^g^/'L^^, (87) 

and 

Li2 = -/t^g-i/^Mii, = -k[q'^I^M^\ 

Li4 = A;^g-i/2Mi2 ^ ^^^-1/2^12^ 

= A;;g-i/2M22, = k'^q-^^M^^. (88) 

The g-commutators of the quantum Lie algebra of t/g(so(4)) in terms of M"^ 
and M°'^ are given by 

[M^^^WX = {k',)-\-'X+S''%,.,S^'s'y^^'''M^'^\ 

[M°^, = [M^^, M"'\ = 0. (89) 

In spinor notation the two Casimirs of f/g(so(4)) [cf. Eqs. (Í7T]) and (172]) ] 
become 

-A;^2A+£„^e„,^,M^'^M^^', (90) 

-KyXls^,e^,,,M-''M^r (91) 

These expressions are hnked to the Casimir operators of the two Uq{su{2))- 
subalgebras of Ug{so{4)): 

Ci + q^'X^'C^ = -2k'iX+e.^e.,^,M'''''M^^', 

Ci - q-'X-'C2 = -2k'^X^e^pe^,p.M'^'^Mf"''. (92) 

3.3 The four-dimensional g-deformed Euclidean super- 
algebra 

In analogy to the three-dimensional case the four-dimensional g-deformed 
Euclidean superalgebra is generated by the generators of [/g(so(4)), the mo- 
mentum P^, and the supersymmetry generators Q", Q", a,á = 1, 2. Again, 
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the supersymmetry generators carry spinor Índices. Thus, the as well as 
the Q" span an antisymmetrized quantum plañe, i.e. 



Q'Q^ = -q~'Q^Q\ Q'Q^ = -q-'Q^Q'. (93) 

Furthcrmorc, the supersymmetry generators transform as spinor oper- 
ators under Uq{so{A)). More concretely, they refer to the representations 
(1/2,0) and (0,1/2). On these grounds, the g'-commutators between the 
supersymmetry generators and the L'^'^ become 

[¿'^^Q1, = -g-'(0/Q^ 

[L^'',Q% = -q-\án^''Q^, (94) 

where cr''^ and a^'^ denote the two-dimensional spin matrices to four-di- 
mensional g-deformed Euchdean space (see Ref. [59]). For the exphcit form of 
the above g-commutators we refer the reader to Ref. [60] . In spinor notation 
we have 

[M"^g^], = [M°^g^], = 0. (95) 

Next, we come to the relations between the generators Q" and Q". These 
relations are covariant with respect to f/q(so(4)) if they take the form 

Q^Q^ + Q^Q^ = cP\ 

g'g^ + g^g' = cP^ 

g^g^ + g^g^ = -cp\ (96) 

where c again denotes an undetermined constant, which we can set equal to 
1. With the help of the Pauh matrices for ^-deformed Euchdean space in 
four dimensions (see Ref. [59] ) the above relations can be written as (c = 1) 

{g",g/3}= {a-^'f^P>^. (97) 

Notice that the anticommutator in the last formula is the ordinary one. 
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Last but not least, we have to specify how the momentum operators com- 
mute with the supersymmetry generators. Again, the commutation relations 
between momentum operators and supersymmetry generators are uniquely 
determined by the requirement that they have to be consistent with our 
previous relations. This way, we have 



and 



P Q 


= Q'P, P^Q' = Q^P, 




d3/o1 


ni p3 p4n2 n2 p4 






— n-^n'^ p2 

— ? V -r , 






= q-'Q'P\ 






= q-'Q'P' + q-'XQ'P', 




P'Q' 


= q-^Q^P^ - q-^XQ^P\ 


(98) 


P'Q' 


= Q'P\ P^Q' = Q^P\ 


(99) 


P^Q^ 


= Q'P\ P'Q' = Q'P\ 




P'Q' 


= qQ'P\ 




P^Q^ 


= qQ'P', 




P^Q' 


= qQ'P^ - qXQ^P\ 




P'Q' 


= qQ'P^ + q\Q^P\ 


(100) 



These relations can again be generated from g-commutators: 

[p^Q%- = o, [p^gi, = o. (101) 

Notice that the two types of g-commutators are defined as in (162!) . but now 
we have to use the Hopf structures for the four-dimensional g-deformed Eu- 
clidean space (see Ref. [32,35]). In this respect, it should be mentioned that 
these Hopf structures depend on a unitary scaling operator with 

KQ» = gQ"A, AQ" = qQ»A. (102) 

Now, we have everything together to write down the g-deformed Eu- 
clidean superalgebra in four dimensions: 

[^M-^ L^-]^ = -q-^\l {PAr\'p"iPAr%w g''"'''L''''^\ 
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{Q^Q^} = (a;^)'^^P^ (103) 

For the sake of completeness we would like to write down liow the symmetry 
generators Ki commute with the momenta and the supercharges 

fC.pi = q-^P'K,, K2P' = q-'P^K2, 

K^P^ = qP^Ki, K^P^ = q-'P^K2, 

KiP^ = q-'P^'K,, K2P^ = qP^K2, 

K^P'' = qP^K^, K2P* = qP^K2, 

K^Q' = qQ'Ki, KiQ^ = q-'Q^Ki, 

K2Q^ = q-'Q'K2, = (104) 

The remaining relations are trivial. 

It should be remarked that conjugating these relations and making use 
of the conjugation properties 



i^^^ = í?MM'í?-'^"^ P^ = g,,'P'', 
W = 5" = (105) 

we obtain a second four- dimensional g-deformed Euclidean superalgebra, 
which differs from the above one by the commutation relations between mo- 
mentum generators and supergenerators, only. Instead of flüS]) and (llOOj) we 
would have 



P'Q' 


= Q'P\ 


P^Q^ = 


Q^P\ 


P'Q' 


= Q'P\ 


P'Q' = 


Q'P\ 


P'Q' 


= qQ'P\ 


P'Q^-- 


= qQ'P' 


P'Q' 


= qQ'P' 


-q\Q^P\ 
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(106) 



and 



P'Q' 
P^Q^ 



Q'P\ P^Q^ = Q^P\ 
Q'P\ P'Q' = Q'P\ 
q-'Q'P\ P^Q' = q-'Q'P\ 
q-^Q^P^ + q-^\Q^P\ 
q-'Q'P' - q-'XQ'P\ 



(107) 



In terms of gr-commutators these relations become 



[P^Q%- = 0. 



(108) 



4 Symmetry algebras for Q'-deformed Minkow- 
ski space 

In this section we apply our considerations to g-deformed Minkowski space 
leading us to a q'-analog of thc Poincaré superalgebra. Prom a physical point 
of view this case is the most interesting one. 

4.1 The g'-deformed Poincaré algebra 

The g-deformed Poincaré algebra is a cross product of the g-deformed Lorentz 
algebra and the momentum algebra of g-deformed Minkowski space. In our 
work we often use a formulation of g-deformed Lorentz algebra as it was 
given in Ref. [46]. In Ref. [60], however, we considered as Lorentz generators 
the components of an antisymmetric tensor of sccond rank. Its components 
V^'^, ¡1, V G {0,+,— ,3}, enable us to formúlate the quantum Lie algebra of 
g-deformed Lorentz algebra as foUows: 



where 77^¡^ and Pa respectively stand for the quantum metric and an anti- 
symmetrizer of g-deformed Minkowski space. For the explicit form of these 
g-commutators we again refer to Ref. [60]. From the same reference we know 
the two Casimirs of g-deformed Lorentz algebra: 




(109) 



C2 = e, 



ypyypu 



(110) 
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The momentum algebra of g'-deformed Minkowski space is spanned by 
the momentum components P^, ¡i e {O, +, — , 3}, subject to 

pMpO^pOpM ^e|o,+,-,3}, 
p3p± _ q±2p±ps ^ -qXP^p±^ 

p-p+ - P+P~ ^ \[P^P'^ - P^P^). (111) 

Let US recall that the P^, ¡i e {O, +, — , 3}, behave as a four-vector operator 
under gr-deformed Lorentz transformations. For this reason, the commuta- 
tion relations between generators of the g'-deformed Lorentz algebra and the 
corresponding momentum components take the form (see also Ref. [60]) 

[V^^\ P\ = -q-\p^Y\,^, ^P'PP-'. (112) 

The Casimir operators of g-deformed Poincaré algebra are found from 
the same reasonings already applied to the four- dimensional g-deformed Eu- 
clidean algebra. In this manner, one Casimir is given by the mass square 

= ^^.P'^P^ (113) 

and the g-analog of the spin Casimir becomes [69, 70] 

= Tj^i^WW, (114) 

where we have to take as components of the g-deformed Pauli-Lubanski- 
vector: 

W+ = q''X-^P+ - q^X-'p-^ir^y/^r'f - XP' {r^y^^T^f 

- g^/^Af (r3)V2p3r2^i + q5/^X-y\p^ - pO)T+, (115) 

W'^- X-^P^ - q-'/^X'fP~T^a^ - q'/^xfP+S^r^ 

- qXX+P^T^S' - gAA;i(P=^ - p0)(^3)i/2y+y- 

+ g^i/2A;'/'p-(r3)-V2T+ - gV2;,-i/2p+(^3)-i/2y- 

+ X-'X-'{{q-'P' - q-'P'){TY/^ + {qP^ + g-^P^) (t3)-V2), (ne) 

V^o = - A-ipO + g-^AA;^(P° - p3)(^3)-i/2y+y- 

+ X-'X-'{q{P' - p3)(r3)V2 + (^-IpO + gp3)(7-3)-l/2) 
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+ ?-V2A;^/V-(r^)-V2j^+ _ q^^X-y^p+^r^y^/^T-, (117) 



W- = g^A-^p- - g-^/2A;'/'(P=^ - P°)r- - gAP+(T=^)-^/2(5^)2 

- g-V^Af p3(r3)-V2^V2 _ ^-2^-lp-(^3)-l/2(^2)2_ (^^g) 

Note that S^, T^, r^, o"^ denote generators of the g-deformed Lorentz algebra 
[46]. Written out explicitly, the g-deformed spin Casimir reads 

= X-^(q-\P^)^ - {Py + g-UP^P° - A+P+P-) 
+ (P+)2(t=^)-V2 [qT-S\^ + q^S^] 
+ A;^(P°)2(t=^)-V2 [^-iT+T- + A-2(gT^ + q'H)] 

- (P-)2(t3)-V2 [q-^T+T^a^ - q^r^T^] 

- (P3)2(r3)-V2 [5^3y-rVi - g-^T+^^V^ 

- ^-^-'((T^)' - AT-rV^ + (r^ + g^i _ X''T+T-)T^S' 
+ X-^X^\q 1 + q-\^ - q-^\^T+T-)] 

- g-=^/2A-U;'/'(P+P^ - P+p0)(r3)-i/2 [t^^T-^t^ 
+ qr^S'r' - q^T' - qX^T+T'S^r^ - q^X^T+iS^] 

- g3/2A-iA;^/'P+p3(r3)-i/2 [^i^i _qS^a^ - q^X^X+T'T^S^] 

- g3/2A;i/2p+pO(^3)-i/2 ^^^^1^2 ^ ^A^A+T-T^^i + q-^XS\^] 

- P+p-(r-^)-i/2 [T+S^r^ - T-T^a^ - X-^qr^ir^ f) + q-'ia^)] 

- p^pO^r^m [(1 _ ^3)^2^1 _ _ _^-2^3^ 

+ q-^T+S'a^ - qr^T-T^r' + q-'X-\aY 
+ XT-T^a^ + X'^T+T-T^S^ + 2q-^X-^T^T~] 

- q~''^Xl''\p''p- - P°p-)(r=^)-i/2 ^^-1^+ _ A-iT+((j2)2 
+ gA-V^TV^ - qXT+T-T^a^ + q^XT^T-{Ty] 

- q^l^X'l^p-'p-{T^r^'^ [q'X-'X-'T^a^ 
+ XT+T^S'-q^X-'r'T^r'] 

- g^/2A-iA;'/'(AA+ - 1)P°P-(t^)-i/2 TV^. (119) 
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4.2 Symmetry algebra in spinor notation 

In this section we proceed in very much the same way as was done in Sec. 13.21 
for the four- dimensional g-deformed Euclidean algebra. First, we introduce 
Lorentz generators with spinor Índices 

M"'^ = (120) 

V^í*- = k[{a'''')^p M"'^ + A;^(a'^")¿^ M"^, (121) 

where the two-dimensional spin matrices of g-deformed Minkowski space can 
be found in Ref. [59]. For the above identities to be consistent with each 
other we have to require that the constants ki, k¡, i = 1,2, fulfiU 

kik[ = k2k'^ = \-\ (122) 

If we set ki = k2, the Lorentz generators M"^ and M°'^ show the conjugation 
properties 



M"/3 = e^^^e^^M"'''' M-^ = £„,,£^^,M^'"'. (123) 
More explicitly, we have 

M'' = qM^' = A;i(g-i/V+- + q'/^V''), 

= A;iAf (g-V+=^ + V+°). (124) 



and 



= _k^x'/\V+^ - y+°). (125) 



Solving these equalities for the independent V^'^ yields 

= q\^'/\k[M^^ -k'^M^^), 
^+0 ^ x^'/\k[qM^^ + k'^q-^M^^), 
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= -X~^^^{k[q-^M^^ + k'^qM^^). (126) 
For the quantum Lie algebra in spinor notation we have 

[M«/3,M7¿]^ = -{k',)-'S''%,^,S'^'s'Ye'''''M^"'', 

[M"/^, M^'^]^ = [M"'^, = 0. (127) 

In spinor notation the Casimirs of g-deformed Lorentz algebra become 

-^2'A+£,^£,,^,M"'^M^^', (128) 

C2 = - A;f (3g-^ + 1 + 2g-^A) s,,;?^^'^' M^'^M^'^' 

+ fc^2(3g-^ + 1 + 2q-'X) 6.^6.,^, M^'^M^r (129) 

From these formulae we can read off the Casimirs of the two Uq{su{2))- 
subalgebras: 

(3g-^ + 1 + 2q-^X)\fCi + C2 = 
= -2A;f (3g-4 + 1 + 2q-^\) e^ps^^p, M'^'^M^^' , 

{3q-^ + 1 + 2q-'\)\-'Ci - C2 = 
= -2k'i{3q-^ + 1 + 2q-^\) M'^' áM^^' . (130) 



4.3 The g-deformed Poincaré superalgebra 

Now, we extend the g-deformed Poincarc algebra to the g-deformed Poincaré 
superalgebra. To this cnd, we introduce the supersymmetry generators 
and Q". These generators carry spinor Índices, so they fulfiU the well-known 
quantum plañe relations: 

Q°g" = g^g" = O, a,á; = l,2, (131) 
gig2 = -q-'Q^Q\ Q'Q^ = -q-'Q^Q\ 
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Purthermore, they transform as spinor operators under g-deformed Lorentz 
transformations. This observation implies the g'-commutators 

[^'^^Q1, = g-'A;^(an/Q^• (132) 

Using Lorentz generators with spinor Índices we alternatively have 

[M"^, Q% = [M"^ Q^], = 0. (133) 

Next, wc turn to the relations between the two supergenerators and 
Q°. We found 

Q'Q' + q-'Q'Q' = -cq-'/'X-'/\P' - P^), 

Q^Q^ + Q^Q^^cq-^P+, (134) 

or, for short, 

c{a;'r^P^, (135) 

where the denote Pauli matrices for gf-deformed Minkowski space (see 
Ref. [59]). The constant c can be set equal to 1. 

The commutation relations between momentum generators and super- 
generators read 

p+Qi = g-2gip+, = Q2p+^ 

P^Q^ = q-^Q^P\ P^Q^ = g-^Q2p°, 

p3gi = q-^Q^P\ 

P^Q^ = q-^Q^P^ + g-=^/2AAf g^P+, 

p-g^ = g^p-, 

p-g2 = g-2g2p- + 5-3/2 AAfgip3, (^3g) 



and 



p°gi = qQ'p\ p'Q' = gg^po. 



28 



P-Q' = Q'P~, P-Q^ = q^Q'P-, 

P+gl = g2glp+ _ g3/2^^1/2g2p3^ 

P+g2 = g2p+_ ^^37^ 

Let US note that in very much the same way as was done in Sec. l2.4l the 
above commutation relations between momentum generators and supergen- 
erators can again be written in terms of g-commutators. To this end, the 
scaling operator appearing in the Hopf structure of the momentum generators 
has to satisfy 

Ag" = q-^Q^'A, AQ" = q-^Q^'A. (138) 

Now, we have everything together to write down the g-deformed Poincaré 
superalgebra: 

[Vt^u^Vn, = -q-^K{PAr\'APAr%'.'V'"''V'''''\ 

[V^\P% = -q-\PAr\'pVP'\ 

{PaT^,,, P^' P"' = o, 

{Q", = {cr^'r^p'. (139) 

This algebra is invariant under the conjugation 

yJIU = (-l)^MO+á.o^^^,^^^,v^.V. (140) 

5 Conclusión 

Let US end with some comments on what we have done so far. We con- 
sidered the g-deformed Poincaré algebra and the g-deformed Euclidean al- 
gebra in three and four dimensions. These algebras describe the symme- 
try of g-deformed Minkowski space and the g-deformed Euclidean spaces in 
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three and four dimensions. We extended these algebras to superalgebras by 
adding two supersymmetry generators with spinor índices. Exploiting con- 
sistency arguments we could determine all commutation relations concerning 
the supersymmetry generators. Furthermore, we were able to write down 
our g-deformed superalgebras in a way that reveáis striking similarities to 
their undeformed counterparts. To achieve this we introduced generators 
with definite transformation properties and defined their adjoint actions as 
g-commutators. 

Lastly, we would like to point out that the g-deformed Poincaré superal- 
gebra should be useful in g-deforming supersymmetric models. To this end, 
we reconsider Eq. f ll35p and contract it with the Pauli matrix (o"^)¿,^. In 
doing so we obtain 

= [{crná^ Q^Q^ + q-^o^Pc. g^g"] . (141) 
Notice that the second equality in fll4ip holds due to (see Ref. [59]) 

K)/3'á'=g(íx'^)á;3Í?"V'- (142) 

From (11411) we get the supersymmetric Hamiltonian 

H^P'= [{a')^p Q^QP + q~\a')p^ g^g^ 
= [-q~"'Q'Q' + q"'Q'Q' 

The conjugation properties of g" and g" imply 

H = po = po = (144) 

i.e. our g-deformed supersymmetric Hamiltonian is a real operator. It should 
also be mentioned that H does not commute with the supersymmetry gen- 
erators, since we have 

pOQ^ = qQ^P\ P^Q^ = qQ^pO. (145) 
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A Invariant tensors of g-deformed quantum 
spaces 

The aim of this appendix is the following. For the quantum spaces under 
consideration we list the non-vanishing components of the quantum metric 
and the totally antisymmetric tensor. 

The non-vanishing elements of the two-dimensional spinor metric have 
the valúes 

The spinor metric is antisymmetric in a g-deformed sense and its inverse is 
given by 

ie~'f = e,, = -e^^. (147) 

The non-vanishing elements of the three-dimensional Euclidean quantum 
metric are 

g^~--q, ^' = 1, g-^^-q-'- (148) 
For its inverse qab we have 

QAB = (149) 

The non-vanishing components of the three-dimensional g-deformed epsilon 
tensor take the form 

£3+- = -q-^, £+3- = 1. 

£333 ^ _q-2^ 

The elements of the lower indexed epsilon tensor we get from the Identifica- 
tion 

SABC = e^^^. (151) 

Next we come to four-dimensional g-deformed Euclidean space. Its metric 
has the non-vanishing components 

9''-q-\ 9''-9''-l, g''-q. (152) 
Its inverse is denoted by g^u and fulfiUs 

9i.u = 9"". (153) 
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The non-vanishing components of the epsilon tensor of four-dimensional q- 
deformed Euclidean space are 



^1234 


= 1, 


^1432 




£2413 




^2134 


= -q, 


^4132 


= 


^4213 


= 


^1324 


= -1, 


^3412 




^2341 




^3124 




^4312 




^3241 




^2314 




^1243 




^2431 




^3214 




^2143 




^4231 


= 


^1342 


= q, 


^1423 




^3421 


= 


^3142 


= 


^4123 




^4321 





(154) 

together with the non-classical components 

^3232 ^ _^2323 ^ _^2^ (^55) 

The quantum metric of g-deformed Minkowski space is given by 

= ,^33^;^^ v'-^-q, V~^^-q~\ (156) 

with inverse 

ri^u = í?'^^ (157) 
As non-vanishing components of the corresponding epsilon tensor we have 



^+30- 


= 1, 




^+-03 


= -q 


-2 


^3-+0 




^3+0- 


= -q' 


-2 


^-+03 


= q-\ 




^-3+0 


= q-\ 


^+03- 


= -1, 




^0-+3 


= q-\ 




^30-+ 


= -q~ 


^0+3- 


= 1, 




^-0+3 


= -q~ 


-2 


^03-+ 




^30+- 






^+3-0 


= -1, 




^3-0+ 


= g-^ 


^03+- 


= -q~ 


-2 


^3+-0 


= g-^ 




^-30+ 


= 


^+0-3 


= q-\ 




^+-30 


= q-', 




^0-3+ 


= -q~ 


^0+-3 


= -q~ 


-2 


^-+30 


= -q~ 


-2 


^-03+ 


= q-\ 



(158) 



and 



£0-0+ = g-3A, £-°+° = -q-^\ 
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(159) 



Lowering the Índices of the epsilon tensor is achieved by the quantum 
metric. In this manner we have, for example, 
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